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1. Introduction 
In [4] tom Rieck generalized the criterion on solvability of finite groups discovered 
by Dress [S] to compact Lie groups. As a corollary of this result the space of 
components of the spectrum of the Burnside ring is a Hausdorff space. 
It is the purpose of this paper to give a direct and completely algebraic proof of this 
corollary and to generalize it to localizations. Using this result we obtain an 
alternative proof of tom Dieck’s solvability criterion. 
Let G be a compact Lie group, a(G) a localization of its Burnside ring A(G) (for a 
definition see [3]) as Z-module; let spec(a(G)) be the prime ideal spectrum of a(G) 
with the Zariski-topology, and 7~ spec(a(G)) the quotient of its connected 
components. 
We shall prove: 
Theorem 1. The space w spec(a(G)) is Hausdorff. 
Theorem 2. The space cPerf(G) of conjugacy classes of perfect subgroups o,f G is 
homeomorphic to v spec(A (G)). 
Theorem 2 is tom Dieck’s solvability criterion. 
Theorem I is a consequence of the following algebraic result. 
.LetAlcAaC-. be a sequence of Noetherian rings with colimit 
such that the inclusions ir : A,, c A,,, and i,, : A, c B satisfy 
(1) The inverse image of each pn E spec(A,) under (iF)* : spec 
is finite. 
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(2) Each minimal ideal in spec(A,) is the image of a minimal ideal in spec(B) 
under it : spec(B) - spec(A,). 
(3) iz (p) = it(p) for each p E spec(B) (here x denotes the closure of X). 
Then v spec(B) it Hausdorff. 
roof. Let X = spec(B), X, = spec(A,). Then X = lim X, (see [ 1; p. 145, Exercise 
211). The induced maps viz : ?rX - TX,, are continuous so that 
?ri : TX - lim ?rx, is continuous too. Since lim TX* is Hausdorff it suffices to show 
that ?zi is injective. Denote all canonical projections X, --+ ?rx, by V. For p E X let 
D,(p) denote the connected component of pn = it (p) in X,. The Dm(p) constitute an 
inverse system whose limit lim DJp) is contained in X. The assumptions of [2; III 
Section 7.4, Theorem l] are satisfied because of condition (1) so that 
ifi (lim D&3) = n (C’)*(Dm(p)). 
man 
Since Am is Noetherian Dm(p) contains only finitely many minimal ideals. Hence by 
(2) and (3) there is an integer k such that ., 
n (iZ')*(Dm(p)))= (~EY’(&(P))* 
It foiiunsmtah~t ix (lim(D,(p))) is connected for each n. 
It remains to show the same is true for lim(&(p)). Suppose lim(D,(p)) is the 
disjoint union of two closed non-empty subsets Cl and C2. Condition 3 implies that 
iz (C,), r = 1,2 is closed because C, contains the closure of each of its minimal ideals. 
Hence iz (C,)n iz (Cz) # 0 for all n. By [2; III Section 7.4, Theorem 1] there is an 
ideal I E lim(iz (Cl) n iz (C&c lim D*(p). Suppose I E Cl. Then there exists a 
sequence {In}, p2 E N, of ideals in C’z such that i: (l,J = it (I). Since C;! is closed I must 
be in Cz by [l; II Section 4.3, Proposition 1.11. 
of of eorem 1. Let A(G, D) be the rings defined in [3; Section 11. Then A(G) is 
the colimit of the A(G, D). By [3; Section 41 the conditions of Proposition 2.1 are 
satisfied. The same holds for localizations of A(G) as Z-module. 
0 eore 
We use the notation of [3; Section 41. 
By [6; Corollary 1.1.21 the space S(G) of closed subgroups of a compact Lie group 
with the Hausdorff metric is compact. Let Perf(G) c S(G) be the subspace of perfect 
subgroups and (c S(G), c Perf(G)) be the pair of quotient spaces obtained from 
(S(G), Perf(G)) by passing to conjugacy classes. The image of H E S(G) in c S(G) is 
denoted by (H). 
Consider the composite 
erf(G)c c S(G)x spec Z - spec 
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where the inclusion is girven by (H)+ ((H), 0) and tl((H), P)= q(H P) where 
q(H, p) is the prime ideal of [3; Section 4, Theorem 41. This composition is a 
homeomorphism because 
. 
. n 0 q 1s sujective and continuous. 
.2. h is surjective. 
.3. c Perf(G) is compact. 
Lemma 3.4. h is injective. 
Proof of Lemma 3.1. By [3; Section 4, Theorem 41 the map q is surjective. 
Now let R c A(G) be a union of components such that m(R) is closed. Since 
q-‘(R)=prl(q-‘(R))x spec Z, we have to show that prl(q-l(R)) is closed. 
Let {Hi}, i E IV, be a sequence in S(G) converging to H E S(G) such that q(Hi, 0) E 
R for all i. For each M E A(G) there is’ a natural number i such that MH’ = MH for all 
i 3 j. Here MH denotes the H fixed point set of M. Let @(G) be a countable base of 
A(G) consisting of homogeneous paces M, and @‘(G)c Q(G) the subset of all M 
with MHi = MH. Then @(G) is the colimit of the Q’(G). Let A’(G)cA(G) be the 
subring generated by G’(G) so that A(G) is the colimit of the A’(G). By con- 
struction, 
q(H, O)nAi(Gj=q(Hi, O)nA’(G). 
Hence, by [l; II Section 4.3, Proposition 11, 
q(H, O)C U q(Hi, 0)~ R- 
i*l 
Proof of Lemma 3.2. For H E S(G) let H, be the minimal normal subgroup of H 
such that H/H= is solvable. Then, by [3; Section 4, Proposition 81 and the definition 
of the Zariski topology 
because H/Ha is a solvable torus extension. But Ha is perfect. 
Proof of Lemma 3.3. Since S(G) is compact we have to show Perf(G) is closed in 
S(G). Let {Hi}, i EN, be a sequence in Perf(G) converging to HE S(G). We may 
assume that Hi E S(H) for sufficiently large i [7, p. 2161. 
Since HJH, is solvable SO if Hi/Hi n Ha. AS H, is perfect we have Hi = Hi n Ha. 
Hence 
&~‘min~a= lJ Hi=H. 
i large i large 
Finally, we prove Lemma 3.4 in several steps. 
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Step 1. Let (K)E c Perf(G). The W(K) = (H E S(G); (Ha)= (K)) is closed in 
S(G)* 
Proof. Let (Hi), i E IN, be a sequence in W(K) converging to HE S(G). We may 
assume that Hh = K so that K is a normal subgroup of H. By [8; Proposition 81, the 
limit of solvable groups is solvable. 
Step2 Let K, L E S(G), p E spec(Z), and q(H, p) = q(L, p). Then (&) = (La). This 
holds by [3; Section 41 and because the limit of solvable groups is solvable. 
Step 3. Let H, L E S(G) and K’ E Perf(G), let Ha be subconjugate oK but L, not 
to K. Then the fixed points set (lG/H)= is empty. 
Proof. If (G/H)= #8, then L is subconjugate o M, hence L, to Ha, and hence 
L, to K. 
Step 4. Let H E S(G) and K E Perf(G). Let Ha be subconjugate oK. Then (G/L; 
La subconjugate oK}$ q(H, p) for all p E spec(Z). 
Proofi Choose T maximal such that q(H, p) = q(T, p). Then (G/r)T is a finite set 
with cardinality not divisible by p ([3; Section 4, Theorem 4]), and T, is subconjugate 
to K. 
Step 5. Consider the connected component 6’(v(H, 0)) of the minimal ideal 
q(H, 0). Let (K) be the conjugacy class of a minimal (with respect o inclusion) 
perfect subgroup K such that . 
d(OW=c@)& ~%(q~.K 0))). 
Let V be the set of all subgroups L of G for which L, is subconjugate oK. Then 
q( V X spec(Z)) is open because its complement isclosed by steps 3 and 4 and [ 1; II 
Section 4.3, Proposition 111. Hence 
q(W(K))=q(Vxspec(~))n7T_l(p(q(H, 0))) 
is open in w-‘(w(q(H, 0))). We want to show that St is closed. 
Let q(T, p) be a prime ideal in the closure of q( W(K)), i.e. 
SK PP n dR 0). 
uw=W) 
Then 
q(T, p)nA(G,Di)D n q(R O)nA(G, Di) 
U%+(K) 
where A(G, Di) is a filtration of A(G) by Noetherian rings as given in [3; Section 41. 
There are only finitely many prime idells in A(G, Di) so that 
q(K P)n A(G, Di)= q(& P)n (A(G, Di) ’ 
for some Ri with (Ri), = (K). Let Q be the limit of a convergent subsequence Lj of 
the Ri. By step 1 (Q=) = (K), and for each ME q(T, p) there exists a jo such that 
ME q(T, p)n A(G, Dj) for j 3 jo. Since MLi = MQ for large j we have ME q(Q, p)* 
hence q(T,p)=q(Q,p)Eq(W(K)). So we have shown that q(W(K))= 
?r%r(qIH, 0))). By step 2, K is - up to conjugacy - the only perfect subgroup which 
is mapped to q( W(K)). 
On the spectrum of the Burnside Ring 185 
References 
[l] N. Bourbaki, Commutative Algebra (Addispn-Wesley, Reading, MA, 1972). 
[2] N. Bourbaki, Theory of Sets (Addison-Wesley, Reading, MA, 1974). 
[3] T. tom Dieck, The Burnside ring of a compact Lie Group I, Math. Ann. 215 (1975) 235-250. 
[4] T. tom Dieck, ldempotent elements in the Burnside ring, preprint (to appear in: J. Pure Appl. 
Algebra). 
[5] A. Dress, A characterisation of solvable groups, Math. Zeit. 110 (1969) 213-217. 
[6] R. Gordon, Contributions to the theory of the Burnside ring, Dissertation, Saarbrticken (1975). 
[7 ] D. Montgomery and L. Zippin, Topological Transformation Groups (Interscience, New York, 1955). 
[8] R. Oliver, Smooth compact Lie group actions on disks, Math. Zeit. 14s; (1976) 79-96. 
